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Abstract. Let m > 2 and n > 2 be any pair of integers. In this paper we prove that if H 
is between the numbers cot(:^) and hm,n = t'" ^^^^" ^^ then, there exists a non isoparametric, 

compact embedded hypersurface in S"^^ with constant mean curvature H that admits the group 
0{n) X Zm in their group of isometries, here 0{n) is the set of n x n orthogonal matrices and 
Zm are the integers mod m. When m — 2 and H is close to the boundary value — cot(-|), 
the hypersurfaces look like two very close n-dimensional spheres with two catenoid necks attached, 
similar to constructions made by Kapouleas. When m > 2 and H is close to cot(^), the hyper- 
surfaces look like a necklets made out of m spheres with m + 1 catenoid necks attached, similar to 
constructions made by Butscher and Pacard. In general, when H is close to bm,n the hypersurface 
is close to an isoparametric hypersurface with the same mean curvature. As a consequence of the 
expression of these bounds for H, we have that every H different from Q,±^ can be realized as 

the mean curvature of a non isoparametric CMC surface in S'^ . For hyperbolic spaces we prove that 
every non negative H can be realized as the mean curvature of an embedded CMC hypersurface 
in H"'^^ , moreover we prove that when H > 1 this hypersurface admits the group 0{n) x Z in its 
group of isometries. Here Z are the integer numbers. As a corollary of the properties proven for 
these hypersurfaces, for any n > 6, we construct non isoparametric compact minimal hypersurfaces 
in S""*"^ which cone in R"+2 is stable. Also, we will prove that the stability index of every non 
isoparametric minimal hypersurface with two principal curvatures in S'"^^ is greater than 2n + 5. 



1. Introduction 

Minimal hypersurfaces on spheres with exactly two principal curvatures everywhere were studied by 
Otsuki in ([3]), he reduced the problem of classifying them all, to the problem of solving an ODE, 
and the problem of deciding about their compactness, to the problem of studying a real function 
given in term of an integral that related two periods of two functions involved in the immersions 
that he found. In this paper we changed the minimality condition for the constant mean curvature 
condition and using a slightly different point of view, we got similar results. As pointed out by Do 
Carmo and Dajczer in ([6]), these hypersurfaces are rotations of a plane profile curve. The existence 
of these hypersurfaces as immersions have been established in ([6]) and in ([7j). Partial result about 
the condition for small values of H that guarantee embedding were found in ([8]). The main work 
in this paper consists in studying these profile curves and in deciding when they are embedded. 
Lemma (|5.ip and its corollary ()5.2I) played an important role in the understanding of the period of 
these profile curves for they were responsible of getting explicit formulas for these two numbers 

TT , , (m^ - 2) 

an,m = cot — and bn,m = , „ — 

m n\Jra^ - 1 

with the property that every H between an,m and hn,m can be realized as the mean curvature of a non 
isoparametric embedded CMC hypersurface in 5"^^, such that its profile curve is invariant under 
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the group of rotation by an angle and therefore the hypersurface admits the group 0{n) x Zm 
in its group of isometries. 

One of the differences between the analysis of the profile curve in this work and Otsuki's, is that 
Otsuki used the supporting function of this profile curve. We, instead, studied the radius and the 
angle separately, and we proved that the angle function is increasing, which helps us to decide 
when this curve is injective and consequently, when the immersion is an embedding. In order to 
understand this angle function we got some help from the understanding of three vector fields 
defined in section (|3.3p . 

Since we can obtain a similar formula for the angle of the profile curve for CMC hypersurfaces in 
the hyperbolic space, we also extend the result in this case in order to explicitly exhibit embedded 
examples the hyperbolic space. Also, similar results are obtained in Euclidean spaces. These results 
on embedded hypersurfaces on hyperbolic spaces and Euclidean spaces where proven in ([!]) with 
different techniques. 

As a consequence of the symmetries proven for all compact constant mean curvatures in S^~^^ with 
two principal curvatures everywhere, we proved that all these examples with H = 0, have stability 
index greater than 2n + 5. In this direction there is a conjecture that states that the only minimal 
hypersurfaces in 5"+^ with stability index 2n+5 are the isoparametric with two principal curvatures. 
Some partial results for this conjecture were proven in ([2])- Also, since it is not difficult to prove 
that these examples can be chosen to be as close as we want from the isoparametric examples, we 
proved that some of Otsuki's minimal hypersurfaces are examples of non isoparametric compact 
stable minimal truncated cones in R^^^ for n > 6. 

The author would like to express his gratitude to Professor Bruce Solomon for discussing the hy- 
persurfaces with him and pointing out the similarity between them and the Delaunay's surfaces. 

2. Preliminaries 

Let M be an n-dimensional hypersurface of the (n + l)-dimensional unit sphere S*"""*"^ C R""*"^. Let 
u : M ^ S'""'"^ be a Gauss map and Ap : TpM — > TpM the shape operator, notice that 

Ap{v) = -Vvf for all v £ TpM 

where V is the Euclidean connection in R""*"^. We will denote by the square of the norm of 

the shape operator. 

If X, Y and Z are vector fields on M, VxY represents the Levi-Civita connection on M with 
respect to the metric induced by 5""'"^ and ^] = VxY — VyX represents the Lie bracket, then, 
the curvature tensor on M is defined by 

(2.1) RiX,Y)Z = VyVxZ - Vx^yZ + V[x,y]^ 
and the covariant derivative of A is defined by 

(2.2) DA{X, y, Z) = Z{A{X), Y) - {A{VzX),Y) - {A{X),VzY) 
the Gauss equation is given by. 



(2.3) R{X, Y)Z = {X, Z)Y - {Y, Z)X + {A{X), Z)A{Y) - {A{Y), Z)X 

and the Codazzi equations are given by. 
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(2.4) DAiX, Y, Z) = DA{Z, Y, X) 

Ki + ■ ■ ■ + Kn 

Let us denote by ki, . . . ,Kn the principal curvatures of M and, hy H = the mean 

n 

curvature of M. We will assume that M has exactly two principal curvatures everywhere and that 
H is a constant function on M. More precisely, we will assume that 

Ki = ■ ■ ■ = Kn-1 = A, Kn = fJ- and (n — 1)A + /-f = nH 

By changing u hy —v if necessary we can assume without loss of generality that X — fi > 0. Let 
{ei, . . . , e.„} denotes a locally defined orthonormal frame such that 



(2.5) A{ei) = Acj for i = 1, . . . , n — 1 and ^(e„) = /ie„ 

The next Theorem is well known, see ([3]), for completeness sake and as part of preparation for the 
deduction of other formulas, we will show a proof here. 

Theorem 2.1. If M C S^~^^ is a CMC hypersurface with two principal curvatures and dimension 
greater than 2, and {ei, . . . , e„} is a locally defined orthonormal frame such that (2.5\) holds true, 
then, 



v{\) = for any v G Span{ei, . . . , e„_i} 

Vt,en = "^^1 V for any v e Span{ei, . . . , Cn-i} 
Ve„e„ = 

1 + A,. = e.(^)-(^)^ 
A — fx A — /i 

[ei,e j] e Span{ei, ... ,en-i} for any i,je{l,...,n-l} 

Proof. For any i, j E {1, . . . , n — 1} with i ^ j (here we are using the fact that the dimension of M 
is greater than 2) and any k £ {1, . . . ,n} , we have that. 



DA{ei,ej,ek) = efc( ^(e,), Cj ) - ( yl(Vefeei), ) - ( A(ei), Ve^^ej ) 

= ek{X{ei,ej)) - {Ve^ei, A{ej)) - A(ei,Vej^ej) 

= efc(O) - X{Ve^ei,ej ) - X{ei,Ve,,ej ) 

= - Xek{{ei,ej)) 

= 

On the other hand, 

DA{ei,ei,ej) = ej{A{ei),ei)-{A{Ve^ei),ei)-{A{ei),Vejei) 

= ej{X) - Xej{{ei,ei)) 
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By Codazzi equation (|2.4|) . we get that ej{X) = 0, for all j G {1, . . . , n — 1}, therefore v{X) = for 
any v S Spanjei, . . . , e„_i}. Now, 

DA{ei,en,ej) = ( A(ei), Cn ) - ( ^(Ve^ej), e„ ) - ( A(ei), Ve^en ) 

= ej{X{ei,en)) - ( Ve^.Cj, ^(e„) ) - \{ei,Ve^en) 

= ej(0) -^(Vejei,e„) - A( Cj, Ve^.e„ ) + (A(Vejei,e„) - A( Ve^ej, e„ )) 

= (A-^)(Ve^.ei,e„) - A ej((ei,e„)) 

= (^i - A)(ei, Ve,e„) 



Since fi — X > 0, using Codazzi equations we get that, 

(2.6) {ei,Ve^en) = for any i, j G {1, . . . , n - 1} with i 7^ j 

Now, for any i S {1, . . . , n — 1}, using the same type of computations as above we can prove that, 
DA{ei,ei,en) = en{X) = DA{ei,en,ei) = {fi - X){ei,Veien) 

and 

DA{en,en,ei) = eiiii) = = DA{ei,en,en) = (fJ- - X){ei,Ve„en) 

Therefore, 



(2.7) (ci, Ve^Cn) = ^"^"^1 and ( Cj, Ve„e„, ) = for any z G {1, . . . , n - 1} 

Since is a unit vector field, we have that {Vek^n,en) = for any k. Prom the equations (|2.6I ) 
and (12.71 ) we conclude that 



^ven = —^--lv for any f G Spanjei, . . . , e„_i} and Ve„e„ = 

A 

Notice that for any i, j £ {1, . . . ,n — 1} with i j, using equation (|2.6|) . we get that 



( [ei,ej],en) = {Ve^ej - Ve^ei,en) = (ei,Ve^.en) - (ej,Veien) = 

Therefore [ej, Cj] G Spanjei, . . . , Cn-i}- Finally we will use Gauss equation to prove the differential 
equation on A. First let us point out that, using the equation (|2.7p . we can prove that ( [cn, ei], e„ ) = 
and therefore we have that [e^, ei] G Spanjei, . . . , e„_i}. Now, by Gauss equation we get. 
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l + Xfj = {R{en, ei)en,ei) 

= { Vei Ve„en - V e,^ + '^[e„,ei]en, &! ) 

, .e„(A) e„(A) 

= 0-Ve„ rei + e„,ei ,ei) 

/i — A fi — X 

en(A) en.(A) 

= -en( r)H r( Ve„ei - Veie„,ei 

/i — A /i — A 

_ ,en(A) _ .e^^(A) 2 

/i — A ^ — X 

/£n(A) e^A) 2 



□ 



3. Construction of the examples 

We will maintain the notation of the previous section and we will prove a serious of identities and 
results that will allow us to easier state and prove the theorem that defines the examples at the end 
of this section. 

3.1. The function w and its solution along a line of curvature. Since {n — 1)A + j-i = nH, 

we get that 

(3.1) X- fi = X- {nH - {n-l)X) =n{X- H) =nw-'' where u; = (A-F)^n 

Recall that we are assuming that X — fiis always positive, then, it) is a smooth differentiable function. 
By the definition of w given in (|3.1I) we have that, 

(3.2) en{w) = --(A - i7)-^e„(A) = --w''+' e„(A) = -w^^ 

n n X — fi 

The second order differential equation in Theorem (|2.ip can be written using the function w as, 

(3.3) e4'-^) + C-^r + l + X, = 

w w 

and if we write A and in terms of w we get 

3.4 ( ) + ( ) ^ +H +1 = 

Deriving the previous equation, we have used the following identities, 

(3.5) A = + and /i = - (n - l)w;-" 

From the Equation (13.21) we get that 

(3.6) e.(A) = -(A-^)^ 
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The equation above allows us to write one of the equations in Theorem (|2.ip as 

(3.7) ^v^n = — V for any u G Span{ei, . . . , Cn-i} 

Notice that equation (13. 4p reduces to 

(3.8) er^Mv^)) _{n-^_(n-m ^^^^^^^ 

and therefore multiplying by 2wen{w) we have that there exists a constant C such that, 



(3.9) {en{w)y + w;^-^" + (1 + H^)w^ + 2Hw^-'' = C 

Let us denote by x : M ^ R*^"*"^ the position viewed as a map, and by V the Euclidean connection 
on R""'"^. Using the equations in Theorem (|2.ip and the fact that V„x = v, {x,v{x)) = and 
( v{x), v{x) ) = 1, we get that 

(3.10) Ve„e„ = -x + iiv 

(3.11) Ve„i/ = -lien 

(3.12) Ve„a; = en 

Let us fix a point G ^ ^ and let us denote by ^{u) the only geodesic in M such that 7(0) = pq 
and 7'(0) = en{po)- Since Ve„e„, vanishes, then 7(tt) = e„(7(w)). Notice that ^{u) is also a line of 
curvature. Let us denote by g{u) = w{'^{u)). Equation (|3.9I) implies that 

(3.13) {g'f + 52-2" + (1 + H^)g^ + 2if(72-" = C 
or equivalently, 

3.14 ^ ^ = ±1 

It is clear that the constant C must be positive and moreover, in order to solve this equation we 
need to consider a constant C such that the polynomial 



(3.15) i{s) = Cs^"^-^ - 1 - (1 + /72)s2n _ 2Hs-^ 

is positive on a interval (ti,t2) with < ti < t2 and ^{ti) = = £,{12). Notice that for every H it 
is possible to pick C such that ^ is positive on an interval because ^ is a polynomial of even degree 
with negative leading coefficient, ^(0) = —1, and if C is big enough, this polynomial takes positive 
values for positive values of s. Let us assume that ti and t2 are as above and moreover let us assume 
that i'{ti) and ■^'(^2) are not zero, so that the function G that we are about to define is well defined 
on [ti,t2]- Let us consider 

G(s) = / dt for ti<u<t2 
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and let T = 2G{t2). Since G (s) > for s G (ti, t2), then we can consider the inverse of the function 

T- 

2 - 



G. Denoting by F : [0, ^] [ti,t2] the inverse of G, a direct verification shows that the T-periodic 



function that satisfies 

T T 
g{u) = F{u) for < n < — and g{u) = F(T — u) for — < u < T 

is a solution of the equation (|3.14l) 

3.2. The vector field q . Let us define the following normal vector field along M 

en{w) 

T] = e„ + A — X 

w 

The vector field rj has the following properties 

(1) (ry, rj) = (— )^ + + 1 = — ^, this follows from Equation (13.911 and the definition of A in 

w w"^ 

terms of w, (13. 5|) . 

(2) Ve„ry = — r]. This is the equation that makes all the constructions work in this section. 

The equation follows from Equations (I3.10p , (|3.1ip and (|3.12l ) and the first and second 
differential equations for the function w, especially, Equation (13. 3p and Equation (13.61) . 

— 2 

(3) For any i G {1, . . . , n — 1}, Ve,(x + ^ ??) vanishes. The proof of this identity is similar, and 
additionally, uses the Equation (13.7(1 . 

9 9 9 

(4) {x + -^r],x + — v) = 1- 

3.3. Vector fields that lies on a plane . Now that we have computed the function g{u) = 
w{'y{u)), let us understand better the geodesic 7. The equations (|3.10j) . (|3.11j) and (13.121 ) imply 
that 

X{u) = enijiu)), Y{u) = v{-i{u)) and Z{u) = 'jiu) 

satisfy an ordinary linear differential equation in the variable u with periodic coefficients (notice 
that iJ,{'y{u)) is a function of g{u)). By the existence and uniqueness theorem of ordinary differential 
equations we get the solutions X{u), Y{u) and Z{u) lies in the three dimensional space 

(3.16) = Span{e„(po), i^{Po),Po} 

For the sake of simplification, we will consider the T-periodic function r : R — > R defined by 

aiu) 



r 



in) 



/G 

It is not difficult to check that the function r satisfies the following equations 

(3.17) — + 1 + A^ = 0, ir'f + r^il + X^) = l, X' = -{X-fi)- 

r r 

In the previous equations we are abusing of the notation with the name of the functions A and /i, in 
this case, and whenever is understood by the context, they will also denote the function \{'^{u)) and 
/i(7(n)) respectively. In the construction of the examples that we will be considering, the function 
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1 — needs to be positive. We can achieve this by assuming that H > because this condition 
will imply that A > 0, and therefore r < 1. 

Let us define the following vector fields along 7 



r' 

Bi{u) = r]{-f{u)) = --X + \Y -Z 

B^{u) = / X+ ' Y 
yl — V 1 — 

Using the equations in section (|3.2p , the Equations (|3.1Qj) , (|3.11|) and (13.121 ) that give the derivative 
of the vector fields X, Y and Z, and Equation (|3.17j) . we can check the following properties. 

(1) Bi{u), B2{u) and B^{u) lie on the three dimensional subspace Tp^ 
(2) 

B[ = Bi 

r 

(3) 

{Bi,B2)=0, {Bi,Bs) = and {B2,B3) = 

(4) 

(52,^2) = 1, {B3,B3) = l and {Bi,Bi) = ^ 

(5) From the previous items we get that 

B2 = hB^, and B^ = —hB2 for some function /i : R ^ R 
These equations hold true because 

{B'2,Bi) = -{B[,B2) = -{Bi,B2) =0 likewise (5^,Bi) = 

r 

(6) From the previous item we get that the vectors B2 and B3 lie on a two dimensional subspace. 

(7) We have that 

rX 



{B'3,Z) = -^== and {B2,Z) = VT^ 



Vl-r 



therefore the function h in the previous item is given by j^^- It follows that, 



B'2 = j^Bs and = -^i?2 

The fact that h does not change sign when A > 0, in particular when H >0, will help us 
prove that for some choices of C the hypersurface M is embedded. 
(8) If we assume without loss of generality that 

^ Si(0) = (0,..., 1,0,0), ^2(0) = (0,..., 0,1,0) and ^3(0) = (0, . . . , 0, 0, 1) 



1^1(0)1 
then, 
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Bi{u) = -(0,... 0,1, 0,0) 
r 

B2{u) = sin(6'(u))(0, ...0,0, 1) + cos(6'(u))(0,..., 0,1,0) 
S3(n) = cos(6'(u))(0, ...0,0,1) -sin(6'(u))(0,..., 0,1,0) 

where ^ : R — > R is a given by 

r r{s)X{s) ^ 
Jo l-r^(s) 

(9) If 

K = KiH, n, C) = OiT) = f f^f^ = 2 fMf) 

Jo 1 - r\s) Jq 1 - r\s) 

then, for any positive integer m and any u G [mT, (m + 1)T] we have that 

9{u) = mK + 0(n — mT) 

This property is a consequence of the existence and uniqueness theorem for differential 
equation and will be used to prove the invariance of M under some rotations. 
(10) If q{u) = 7(u) + r'^{u)r]{^{u)), then 

{q, q) = 1 — r'^ and -B2 = -pj i-e q = \/ 1 — r"^ B2 

3.4. A classification of constant mean curvature hypersurfaces in spheres with two prin- 
cipal curvatures. We are ready to define the examples of constant mean curvature hypersurfaces 
on 5""^^ when n > 2. Here is the theorem: 

Theorem 3.1. Let n be a positive integer greater than 1 and let H be a non negative real number. 

(1) Let gc ■ ^ ^ ^ be a T -periodic solution of the equation 113.13]) associated with this H and 
a positive constant C . // A, r, : R ^ R are defined by 

r = ^, X = H + g~- and e{n) = £ ^^^^ds 
then, the map (f) '■ 5*""^ x R ^ 5"^^ given by 

(3.18) (piy, u) = ( r(n) y, y^l-r{u)'^ cos((9(n)), y/l-r{u)^ sin((9(n)) ) 

is an immersion with constant mean curvature H . 

(2) // K(H, n,C) = 2 Jq^ j^^^du = ^ for some positive integer k, then, the image of the 

immersion (p is an embedded compact hypersurface in 5""^^. In general, we have that if 
K{H, n, C) = for a pair of integers, then, the image of the immersion (f) is a compact 
hypersurface in S^"^^ . 

(3) Let n be an integer greater than 2, and let M C 5""*"^ be a connected compact hypersurface 
with two principal curvatures A with multiplicity n — 1, and fi with multiplicity 1. If X — fi 
is positive and the mean curvature H = {n — 1)A + /i is non negative and constant, then, 
up to a rigid motion of the sphere, M can be written as an immersion of the form \3.1^) . 
Moreover, M contains in its group of isometrics the group 0{n) x Z^, m is the positive 
integer such that K{H,n,C) = with k and m relative primes. 
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Proof. Defining Bi and B2 as before we have that 

(l){y, u) = r{u){y, 0, 0) + ^/l - r{uyB2{u) 
A direct verification shows that, 

We have that (|^, = 1 and that the tangent space of the immersion at is given by 

T^{y,u)= {{v,^,^) + s—: {v,y) =Q and s G R} 
A direct verification shows that the map 

u{v, u) = -r{u)\{u) (y, 0, 0) + ^^''\ B,{u) + ''^""l B,{u) 

satisfies that {v, u) = 1, (i/, ^) = and for any v G R" with {v, y) = we have that {u, {v, 0, 0)) = 0. 
It then follows that is a Gauss map of the immersion cj). The fact that the immersion cp has constant 
mean curvature H follows because for any unit vector v in R" perpendicular to y, we have that 



P{t) = (r cos{t)y + r sm{t)v, 0, 0) + \/ 1 — r'^ B2 = (t){cos{t)y + r sin(t)f , 
satisfies that /3(0) = (j){y,u), /3'(0) = rv and 



dt 



li=0 



dv{rv) = —rXv 



Therefore, the tangent vectors of the form {v, 0, 0) are principal directions with principal curvature 
A and multiplicity n — 1. Now, since {v, 0, 0)) = 0, we have that defines a principal direction, 
i.e. we must have that is a multiple of A direct verification shows that if we define ;U : R ^ R 
by n{u) = nH — (n — l)A(u), then, 

(— ,y) = — A'r — Xr' = (A — /Li)r' — Ar' = —fir' = —{nH — in — l)A)r' 
ou 

We also have that = therefore. 

It follows that the other principal curvature is nH — (n — 1)A. Therefore (j) defines an immersion 
with constant mean curvature H, this proves the first item in the Theorem. 

In order to prove the second item, we notice that if K{H, n,C) = ^ for some positive k, then, we 
get that 9{kT) = 2tt, this last fact makes the image of the immersion (j) compact. This immersion 
is embedded because the immersion cp is one to one for values of u between and kT as we can 
easily check using the fact that whenever H > 0, the function 9 is strictly increasing. Recall that 
under these circumstances ^(0) = and 9{kT) = 2tt. The prove of the other statement in this item 
is similar. 
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Let us prove the next item. For n > 2, let us now consider a minimal hypersurface M with the 
properties of the statement. We will use the notation that we used in the preliminaries, in particular 
the function w : M — > R is defined by the relation {\ — fi) = nw"", in particular we will assume 
that -Bi(O), -62(0) and -63(0) are chosen as before. By Theorem (|2.ip we get that the distribution 
Spanjei, . . . , e„_i} is completely integrable. Let us fix a point po in M and let us define the geodesic 
7 : R — > M, and the functions r : R — > R as before and let us denote by M„ C M the (n — 1)- 
dimensional integral submanifold of M of this distribution that passes through ■j{u). Let us define 
the vector field on M as before. Recall that Bi{u) = r]{'y{u)). Fixing a value u, let us define the 
maps 

Pu, Cu ■ R""^^ by pu{x) = X -\ r] and Cu{x) = iy{x) + A(x) x 

Using the equations in section (|3.2p we get that the maps pu and Cu are constant. Therefore, 

Pu(x) = X H — — ri = j{u) + r^{u)Bi = V 1 - r^Sj 

Notice that for every x G M„, we have that 



\x - = \Z{u) - Vl-r2S2(n)|2 = r\u) 



Therefore is contained in a sphere with center in ^Jl — r'^B2 and radius r. We have that the 
vectors ei, . . . , e„_i are perpendicular to the vectors 



Pu{x) = yjl - r2(n)S2(u) and Cu{x) = Y{u) + \{u)Z{u) 

we get that 



Since {Y{u)+\{u)Z{u),Bi{u)) = 0, {Y{u)+\{u)Z{u),B2{u)) = and {Y{u)+\{u)Z{u),B'i{u)) 



Cu{x) = ^ ^2 + r. 2 



r 



It follows that, anytime r'{u) ^ 0, we have that all tangent vectors of Mu lies in the n-dimensional 
space perpendicular to the two dimensional space spanned by Bi{u) and B2{u). Since this two 
dimensional space is independent of u, we conclude that every point x G M^, satisfies that 

X — /9u(x) = r(ti)(y, 0, 0) where |yp = 1 

or equivalently, 

X = r{u) {y, 0, 0) + pu{x) = r{u){y, 0, 0) + v^l - r{uyB2{u) 

Since the set of points where r' is discrete, we conclude that the expression for the points x G 
holds true for all u. The theorem then follows because the manifold M is connected. 

The property on the group of isometrics of the manifold follows because we can write M as the 
image of the map 



(3.19) (j){y, u) = ( r(n) y, y^l-riu)"^ cos{9{u)), y^l-r{u)^ sin((9(n)) ) 
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The group 0{n) is part of the isometries of M because any isometry in R""*"^ that fixes the origin 
and the last two entries of R"+^ leave the our manifold M invariant. The group is included in 
the groups of isometries because the close curve given by the last two entries is built by gluing m 
pieces of the the curve 



a(u) = (Jl-r(uy cos(e(u)), Jl-r(uy sm(d(u))) 0<u< K(H, n,C) = 

m 

This last statement is true by the the following observation already pointed out in the previous 
section. 

For any positive integer j and u £ \jT, (j + 1)T] we have that 6{u) = jK + 9{u — jT) 

□ 

Corollary 3.2. If M is one of the examples in the previous theorem with H = 0, then, the stability 
index, i.e, the number of negative eigenvalues of the operator J{f) = —Af — nf — \\A\\'^ f is greater 
than 2n + 5. 

Proof. This follows Theorem (3.1.1) in ([2]) and the fact that the set of isometries of M contains a 
subgroup that moves every point in M. □ 

4. Embedded CMC surfaces in 
For surfaces in S^, the examples will have the following form 

S = {( Vl - |a(OP cos(s), ^/l - \a{t)\'^ sin(s),a(t)) : t G R and s G R} 

where a{t) = {x3{t), X4{t)) will be called the profile curve and we will refer to the surface S as the 
rotation of the curve a. 

An interesting observation is that if we rotate the set of points in a line that lies in the unit disk, 
we get a totally umbilical sphere. We can see this by noticing that this surface can be written as 

{{xi, X2, xs, X4) : xf + X2 + x1 + x1 = 1 and axs + 6x4 = c} where a, b and c are constants 

From this observation it follows that if we rotate a regular polygonal with m sides and vertexes in 
the unit circle, then we obtain m kissing spheres in 5^. The family of constructed examples can be 
subdivide into families Fq, F2, F3 and so on, where Fq are the isoparametric examples and Fm are 
non isoparametric examples which group of isometries contains the subgroup of isometries 0(2) x . 
The family Fm is a collections of surfaces that moves from the rotation of an regular polygon with 
m sides to the rotation of a circle. In this way, the surfaces in this paper resemble Delaunay's 
CMC surfaces in R^, in the sense that the examples here, move from a CMC without singularities 
(the rotation of a circle, i.e. an isoparametric CMC surface), to a CMC with m singularities (the 
union of m spheres). Recall that Delaunay's surfaces move from a constant mean curvature without 
singularities (a cylinder, the rotation of a line), to a constant mean curvature with infinitely many 
singularities (a collection of round spheres, the rotations of a collection of semi-circles). 

In the case n = 2 we can explicitly compute the roots, ti and t2, of the polynomial given in (|3.15|) . 
therefore, if H is any real number, and C is a constant greater than 2{H + Vl + H"^), then the 
solution : R — > R that satisfies the equation (IS.lSj) . i.e. the equation 
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(4.1) ^g'f+g~^ + (^l+H^)g^+2H = C 

is positive and more precisely, it varies from ti to t2, where 



'' = \/ WTW> *^ = \/ WTW) 

Also, we have that 5 is a periodic function with period 

t 

T = 2 dt 
Jt, ^{C-2H)t^-l-{l + m)t^ 

the function ^ : R — > R previously defined is given by 

r r{s)\{s) ^ 

where r{u) = and X{u) = l + g~'^{u). Moreover, Theorem (13. ip give us that the following map. 



(j){v,u) = {r{u) cos{v)^ r{u) sin(ti), \/l — r^(u) cos{9{u)), \/l — r'^{u) sm{6{u))) 
defines a surface with constant mean curvature H . 

In this section we will study our constructions for the case n = 2 and by studying the dependence 
of the function r in term of the constant C we will prove the existence of compact embedded CMC 
surfaces in with any prescribed value H different from 0, and As pointed out in item 

(2) of Theorem (13. ip . in order to guarantee the existence of embedded surfaces we need to study 
the number K{H,2,C) where, 

(4.3) K = KiH,2,C) = 2r^^ds 







The following lemma help us to understand K. 



Lemma 4.1. For any C > 2V1T1P + 2H, the number K{H, 2, C) given in |^.3| ) can he computed 
with the following integral 

K(H.2,C)=r » + fl(-,.cosW-,.) 

Jo (1 + gi + q2 cos{t))^y-q2 cos(t) - qiVl + H"^ 

where 



-C + 2H , V-4 + C72 -4Ci/ 

''' = 2C + 2CH^ '""^ 2{C + H^) 

Moreover for any H > 0, 

KiH,2,C)^ ^-iH + VTTlP)l ^^^^ C^2iH + VmPy 

(1 + 4 (1 + 2H^ + 2HVTnP) 
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and 

K{H, n, C) 2ArcCot(i7) when C ^ oo 

Proof. Notice that the function r is strictly increasing in [0, ^] and that r(0) = and r{^) = 
After we make the change of variable t = r(s), using (I3.17p . the expression for K{H, 2, C) in (|4.3p 
reduces to 

(1 - t2)^i _ t^l + m + 2HC~^ t-2 + c-H-^) 
Now, making u = t'^ we get that 



K{H,2,C) = 2 



1 



KiH,2,C) = if {H + c~^u-^) 



1 - u)^-v?{\ + F2) + (1 - 2RC-^) u - 

The expression inside the radical in the integral above can be written as 

-u^(\ + H^) + (1 - 2HC~^) w - = (1 + i/^) ( (?! - (n + ) 

where, 



: du 



2H-C , VC2 - 4CH - 4 

- (1 + F2)2C 2C(l + i72) 

By doing the substitution v = u + qi we obtain that 



a VI + (1 - v + qi) y/q'i - 



where 



h= -^ + qi=q2 and a = ^ + qi = -q2 

The integral formula in the lemma follows by doing the substitution v = —q2COs{t). The formula 
for the limit of K{H, 2, C) follows by taking the limit of the function inside the integral and then 
integrating. 



□ 



Remark 



For the case H = 0, Otsuki in ([Sjj, showed that K ^ tt when C — > oo and K ^ V2Tr when C ^2. 
These values agree with the hmit when H ^ of the expressions that we have. 

Theorem 4.2. For any H different from and there exists a non isoparametric embedded 

compact surface with constant mean curvature H in . 
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Proof. Without loss of generality we will assume that H > 0. By Theorem (13. 1|) we only need 
to check that for every H there exist a positive integer m and a constant C such that the 



number K{H, 2,C) = By Lemma (|4.ip we only need to prove that for some integer m, we have 
that 



i,(H) = 2ArcCot(fl) < ?^ < ■y^-'C'^^^P ^ 

^ (1 + H^)4{1 + 2//2 + 2HV1 + H^) 

A direct computation shows that, 



therefore both of the bound functions hi{H) and 62 (-ff) are decreasing, positive and they have as 
a horizontal asymptote. The function bi{H) = 2ArcCot(ff) starts with the value tt at H = and 
the function b2{H) starts at y^vr when H = 0. Therefore, for values of H close to 0, as long as 
62 (-ff) > TT, we can pick m = 2 and get an embedded CMC surface with the given value H. Since 
the solution of the equation 



V27T{H + VTTlPf^ 2^ -.1, 9 

^^^^ = b2[H) = TT = — With m = 2 

(1 + ^2)4(1 + 2/?2 + 2HVI + m 

is H = we get that for every H between and there exist an embedded -ff-CMC surface. 
But, is there a surface with constant mean curvature H = associated with m = 3?. We could 
obtain this if we have that bi{^) < but curiously, 

M-L) = 2A.cc„t,-L) = | 

Therefore, we can not guarantee the existence of a embedded surface with constant mean curvature 
For values of H after we have the existence of embedded surfaces with constant mean 

curvature H associated with m = 3, as long as 62 (-ff) > A direct computation shows that 
^2(473) = therefore all values of H between and can be realized as constant mean 
curvatures of surfaces associated with m = 3, but, is there a surface with constant mean curvature 
H = associated with m = 4? We could obtain this if we have that bi{-^^) < In this 

case we have that indeed bi{-^^) < ^ and therefore H = is the mean curvature of a CMC 
surfaces associated with m = 4. We will prove the existence of embedded surfaces with constant 
mean curvature greater than by showing that 

TT StT 

(4.4) 62 (cot (7 r-)) > — for any integer m > 3 

(m + 1) m 

The reason the statement above suffices is because, for any H > there exists an integer m > 3 
such that 

cot(— ) < H < cot(- 



'm m + \' 

Since 61 and 62 are decreasing, we get that 
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< h{H) < — and 62(cot(— — -)) < b2{H) 



m + 1 m m + 1 

Using the inequality (14.41) we get that 

ZTT TT 

h{H) < — < 62(cot(^— )) < b2{H) 
m m + 1 

which guarantees that there exists a surface with constant mean curvature H that contains the 
group 0{2) X Zm in its group of isometrics. 

To prove the inequahty (|4.4|) it is enough to see that 



3 



TT 



[m+l) m 2V2csc2(^) 
and that 



m 



dl{H) = 



For m > 3 is not difficult to see that m? '^^'^^{ 2^1+2 ) ~ ^(-'^ "^)^ positive. Since (i(3) > 0, the 
limit when m — > 00 is zero and d is strictly decreasing, then we conclude that d must be positive. 
Therefore, the theorem follows. □ 

Corollary 4.3. For any H € (0, ■^); there exists a 0(2) x Z2-invariant surface with constant mean 
curvature H . For any ^ ^ i'^i 473) there exists a 0(2) x Z^-invariant surface with constant mean 
curvature H . For any H G (1, -^J^) there exists a 0(2) x Z^^-invariant surface with constant mean 

curvature H. In general for any m > 1, for any H G (^1^(7^)5^2^(1^)) there exists a 0(2) x Zm- 
invariant surface with constant mean curvature H. Notice that for values of H between 1 and 
there are surface with constant mean curvature H invariant under 0(2) x Z^ and 0(2) x Z4. The 
same overlapping occurs for any m > 2. 



5. Hypersurface with CMC in 5*"+-^, general case 

In this section we will study the existence of compact examples in 5""'"^ by studying the values 
K{H, n, C). The key lemma in this study is the following. 

Lemma 5.1. Let f : (—6,5) R be a smooth function such that /(O) = /'(O) = and /"(O) = 
—2a < 0. For positive values of a close to 0, lett{c) be the first positive root of the function f{t) + c. 
We have that 



dt 



TT 



VM+~c 2^ 
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Proof. For any 6 > a let us define the function h{t) = f'{t) + 2bt. Since h'{0) = 2(6 - a) > there 
exists a positive e such that h'{t) > for all t S [0, e]. Now for any c such that t{c) < e the function 

g(t) = f{t) + C-{bt{cf-bt^) 

satisfies that g(t(c)) = and g'{t) = h{t) > 0. Therefore, g{t) < for any t £ [0,t(c)]. By the 
definition of g{t) we get that 

< f{t) + c < bt{cf - bt^ for all t G [0, t{c)) 
and therefore we get that 



vr 



< 



2Vb Jo ^jbt{cY - bt^ Jo ^/mT 

Likewise, for any b < a, the same argument shows that 

dt r^^^) dt vr 

< 



/o ^/TWT~c Jo yJbt{cY - bt^ 2Vb 
Since 6 / a can be chosen arbitrarily close to a, we conclude the lemma. 

□ 

Corollary 5.2. Let e and 6 be positive real numbers and let f : {to — e, to + ^ H. and g : (—5, 6) x 
{to — e,to + e) ^ H be two sm.ooth functions such that /(to) = /'(^o) = o-nd f"{to) = —2a < 0. // 
for any small c > 0, t\{c) < to < t2{c) are such that f{ti{c)) + c = = f{t2{c))) + c, then 



lim 



g{c,t)dt ff(0,to)vr 



This lemma allows us to prove the main theorem in this paper. 



Theorem 5.3. For any n > 2 and any H G (0, ) there exists a non isoparametric compact 

embedded hypersurface in 5""''^ with constant mean curvature H . More generally, for any integer 
m > 1 and H between the numbers 



{m^-2) v^(^r^ 

cot — and 



m ny/: 



2 



n\/m 

there exist a non isoparametric compact embedded hypersurface in S^~^^ with constant mean curva- 
ture H such that its group of isometrics contains the group 0{n) x Zm- 

Proof. We will consider only positive values for H . Here we will use the explicit solution for the 
ODE (I3.13P given in section (|3.1|) . Let us rewrite this ODE as, 

{g? = q{g) where q{v) =C- t;^-^" - (1 + - 2Hv^-'' 



We already pointed out in section (|3.1|) that for some values of C, the function q has positive values 
between two positive roots of q, denoted by ti and t2. Let us be more precise and give an expression 
for how big C needs to be. A direct verification shows that 
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q'{v) = -2(1 + H^)v - (2 - 2n)t;i-2" - 2H{2 - n)^;^-" 
and that the only positive root of q' is 

^ v/ff2n2 + 4(n-l) + (n-2)ff ^i 
(5.1) -o = ( )" 

Therefore, for positive values of f , the function q increases from to vq and decreases for values 
greater than vq. A direct computation shows that q{vo) = c — cq where, 



(5.2) Co = n (2 + 2H 



2 2 + nH'^ + Hy^H'^n^ + 4(n - 1) 



n 



2)H + mn'^ + 4.{n - 1))" 



Therefore, whenever C > cq we will have exactly two positive roots of the function q{v) that we 
will denote by ti(C) and t2{C) to emphasize its dependents on C. A direct computation shows that 
^"(^o) = — 2a where 



a = 2n{l + H^) 



2^ 4(n -l)+H'^v? + H{n-2) ^4(n - 1) + i^2n2 



( if (n - 2) + Y^4(n - 1) + if%2 )2 
Using the notation and results of section (13. 3|) . we get that 



(5.3) K{H,n,C) = 2 l" p^^^^ds 



lo l-r2(s) 

Since r(s) = and A(s) = H + g{s)~^ we get that 

Jo c-5-2(s) 

Since g{0) = ti(c) and gi'^) = t2{c), by doing the substitutions t = g{s) we get 

Jh{c) C-t' 

Since a > we can apply Corollary (|5.2|) to the get that 



lim K{H,n,C) = tt J2 



2nH 



y/4{n - 1) + ^^2^2 

It can be verified that this bound is the same bound we found for the case n = 2. 

In order to analyze the limit of the function K{H, n, C) when C ^ cxo we return to the expression 
(|5.3p and we make the substitution t = r{s) to obtain 

KiH,n.C) = 2f'^ + * 

■'W (l-t2),/l-f2(l + (if + C-it-")2) 
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In this case we have used the equation (I3.17P to change the ds for the dt. Notice that the limit 
values and can also be characterize as the only positive roots of the function, 

q=l- f{l + {H + C7-t = 1 _ (1 + 7/2)^2 _ ^-n^2-2n _ 

because of the relation q{v) = Cq{-^). Since Qi ^^^jji ) < and for every positive e < ^-^^jj2 we 
have that 

lim q(e) > and lim q( = — e) > 

C^oo c-oo ^1 + H2 

then, we conclude that the only two positive roots of q converge to and to when C — > oo. 

Therefore, 



lim K(H, n, C) = 2 = dt = 2ArcCot(i/) 

Notice that this bound is the same bound we found for the case n = 2. Therefore, for any fixed 
H > 0, the function K{H, n, C) takes all the values between 



ai{H) = 2ArcCot(i/) and a2,„(i?) = vr J2 



2nH 



Y^4(n - 1) + ^2^2 



We have that the functions ai{H) and a2,n{H) are decreasing. Moreover, we have that for any 

y<V2 

2(2-y2)^^ 
a2,n{ , ^ — ) = Try 



Therefore, replacing y by — in the expression above, we obtain that for values of H between 

(m^ - 2) ^(n- 1) 



vr 

cot — and 



m ny/vn? - 1 



the number ^ lies between ai{H) and a2,n{H), and therefore, for some constant C, we will have 
that K{H, n,C) = ^ . Using the same arguments we use in the case n = 2 the theorem will follow. 
Notice that when m = 2 these two bounds are and 



n \/3 

□ 



Let us finish this section with a remark already pointed out by Otsuki in ([3]). 

Lemma 5.4. For any integer n >2 and any e > there exist compact non isoparametric minimal 
hypersurfaces in S"'~^^ such that n — e < < n + e for all p G M. 
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Proof. This is a consequence of the fact that the expression for vq in (|5.ip reduces to (n — 1)2^ when 
H = and the fact that by picking c close to cq, the roots ii(C) and t2{C) of the function q are as 
close as vq as we want. Since the range of the function g move from ti(C) to t2{C), we can make 
the values of g to move as close of {n — 1)^ as we want. When H = 0, we have that 



A = 5-" ^ = -(n-l)g-'' and = (n - l)^-^'^ + (n - l)^^-^" = n(n - l)^-^" 

Therefore, we can make as close n as we want. By density of the rational number and the 

continuity of the function K{H,n,C), we can choose C so that K{H,n,C) is of the form for 
some pair of integers m and k. This last condition will guarantee the compactness of the profile 
curve and therefore the compactness of the hypersurface. 

□ 

6. NON ISOPARAMETRIC STABLE CONES IN 5"+^ 

For any compact minimal hypersurface M C S""*"^, let us define the operator Li and the number 
Ai as follows, 



Li{f) = —A/ — ll^lP/ and Ai = first eigenvalue of Li 

Moreover, let us denote by CM = {tm : t £ [0,1], m £ M } the cone over M. We will say that CM 
is stable if every variation of CM, which holds M fixed, increases area. 

In ([5], Lemma 6.1.6) Simons proved that if Ai + > then CM is stable. We will prove that 

for any n > 6, the cone over some non isoparametric examples studied in this paper for H = 0, i.e, 
the cone over some of the Otsuki's examples, are stable. More precisely we have. 

Theorem 6.1. For any n > 6, there are non isoparametric compact hypersurfaces in S^~^^ such 
that their cone is stable. 

Proof. A direct verification shows that 

re — 1 1 

( — - — )^ > n + - for all n > 6 

Using Lemma (15. 4p . let us consider a non isoparametric compact minimal hypersurface M such that 
ll^lP < n + |. We have that the first eigenvalue Ai of the operator Li is greater than — n — | 
because 



Ai = inf { ^^^ ^( : / is smooth and /j^^ /V } 

and we have that, 

/„,(-A/-||A|P/)/ _ /,,|V/P h,\\Arf ^ 1 
Jm-i jmj Jm-I ° 

Therefore, we get that 

,re — 1 , 9 , 1 , 1 1 

Ai + > -(n + -) + re + - = - > 

which implies by Simons' result that the CM is stable. 
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□ 



7. Some explicit solutions 

In this section we will pick some arbitrary values of H to explicitly show the embedding, the graph 
of the profile curves, and the stereographic projections of some examples of surfaces with CMC in 

A direct computation shows that the solution of the equation (|4.ip is given by 
9it)- 



(C - 2H) + V-4 + C2 - ACH sin(2Vl + H^t) 



V 2(1 + ^2)) 

From the expression for g we get that its period T is -y=^. In this case, the condition on C to 
get solutions of the ODE reduces to C > 2{H + Vl + H'^). 

We can get surfaces associated with m = 2 if we take H between and ~ 0.57735 and we 
can surfaces associated with m = 3 if we take H between and ~ 1.23744. Once we have 
picked the value for H in the right range, in order to get the embedded surface, we need to solve 
the equation 



K{H,2,C) = [ 
Jo 



TIT^ VCg{t){H + g{t)-'_}^^^2Tr_ 

m 



C-g{tY 

Finally, when we have the H and the C, the profile curve is given by 



1 



c y c 

and the embedding is given by 



sm{e{t)) ) where e{t) 



C a {T){H + g~\T)) 
C-gHr) 



dr 



( ^ cos(^), ^ sin(n), V 1 " ^ cos{9{t)), V 1 - ^ sin(0(t)) ; 



Here are some graphics. 



0<ti<27r <t <m 
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Figure 7.1. Profile curve for m = 2, if = 0.1, in this case C = 41.28796038772471 





Figure 7.3. Profile curve for m = 2, H = 



0.57, in this case C = 3.5313222039296357 
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Figure 7.5. Stereographic projection for the surface with CMC H = 0.1 




Figure 7.7. Stereographic projection one of the two catenoid necks of the surface 
with CMC if = 0.1 
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Figure 7.9. Stereographic projection of the surface with CMC H = 0.57 and m 
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Figure 7.11. Profile curve for m = 3 and H = 0.6, in this case C = 365.3705636110441 
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Figure 7.13. Profile curve for m = 3 and 



H = 1.0, in this case C = 9.908469426660892 
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Figure 7.15. Profile curve for m = 3 and H = 1.237, in this case C = 5.6615177218839605 
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7.1. Embedded solutions in hyperbolic spaces. In this section we will point out that the 
theorem above can be adapted to hyperbolic spaces. In this case we obtained the embedded hyper- 
surfaces with not much effort since the Hyperbolic space is not compact. Here we will be considering 
the following model of the hyperbolic space, 

H-^' = {xG R"+2 : X? + • • • + xl^, - xl_,, = -1 } 
The following notation will only be considered in this subsection. For any pair of vectors v = 

{Vi, . . .,Vn+2) and W = {Wi, . . .,Wn+2), {V,W) = ViWi + Vn+lWn+l - Vn+2'Wn+2- 

Theorem 7.1. Let gc,H : R — > R- 6e a positive solution of the equation 
(7.1) {g'f + /-^'^ + {H"^ - l)g^ + 2Hg^-'' = C 

associated with a non negative H and a positive constant C . If ^, X,r,9 : JH ^ JH and are defined by 
r=^, X = H + q-'l,, a = nH-(n-l)X = H-(n-l)q-'l and e(u) = T ^^^^^^ds 



X = H + g-'\j,fi = nH-{n-l)X = H-{n-l)g-^H and e{u) = T j 
then, the map (j) '■ 5*"^^ x R ^ H"-^^ given by 



+ r2(s) 



(7.2) (piy, u) = ( r{u) y, ^/l + r{u)'^ sinh(6l(n)), y^l + r(n)2 cosh(6'(u)) ) 

defines an embedded hypersurface in H"'~^^ with constant mean curvature H. Moreover, if > 1, 
the embedded manifold defined by <\7.^ admits the group 0{n) x Z in its group of isometrics, where 
Z is the group of integers. 

Remark: Arguments similar to those in section Ii3.1\) show that it is not difhcult to find positive 
values C that lead to positive solutions of the equation i7.3\) in terms of the inverse of a function 
defined by an integral. 

Proof. A direct computation shows the following identities, 

(r')^ + = 1 + , and Xr' + rX' = jir' 

Let us define 

B2{u) = (0, ...,0,sinh(6l(u)),cosh(6l(n))) and ^3(11) = (0, . . . , 0, cosh(6'(u)), sinh(6'(ti))) 

Notice that (52,^2) = -1, (^s.^a) = -1, (^2,^3) = 0, 5^ = and B'^ = j^^a, moreover, 

we have that the map (j) can be written as 



(/> = r(y,0,0) + ^/l^-B2 
A direct verification shows that {6,6) = — 1 and that 



KjKu rr^ rX 

= / (y, 0, 0) + -== + ^== S3 



du ' ' Vl + r2 Vl + r2 
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is a unit vector, i.e, (g^, g^) = 1- We have that the tangent space of the immersion at {y,u) is 
given by 

T^iy,u) = {{v, 0,0) +s^:{v,y)=0 and s G R} 
A direct verification shows that the map 

satisfies that {u, u) = 1, (i/, ^) = and for any v G R" with {v, y) = Owe have that {u, [v, 0, 0)) = 0. 
It then follows that is a Gauss map of the immersion cj). The fact that the immersion cf) has constant 
mean curvature H follows because for any unit vector v in R" perpendicular to y, we have that 



P{t) = (r cos{t)y + r sm{t)v, 0, 0) + \/l + r^ B2 = (j){cos{t)y + r sin(t)f , u) 
satisfies that f3{0) = (j){y,u), (3'{0) = rv and 



dt '*=o 



dv{rv) = —rXv 



Therefore, the tangent vectors of the form {v, 0, 0) are principal directions with principal curvature 
A and multiplicity n — 1. Now, since (|^, {v, 0, 0)) = 0, we have that ^ defines a principal direction, 
i.e. we must have that is a multiple of A direct verification shows that, 

(— , y) = —X'r — Xr' = —fir' = —{nH — (n — l)A)r' 
We also have that = r' , therefore. 

It follows that the other principal curvature is nH — (n — 1)A. Therefore 4> defines an immersion with 
constant mean curvature H , this proves the first item in the Theorem. This immersion is embedded 
because the immersion cj) is one to one as we can easily check using the fact that whenever H >0, the 
function 9 is strictly increasing. In order to prove the condition on the isometrics of the immersion 
when if > 1 we notice first that the ODE (17.31) can be written as 



Since q{0) = —1 and the leading coefficient of q is negative under the assumption that H > 1, 
then by the arguments used in section (|3.ip we conclude that a positive solution g of (|7.3I) must be 
periodic, moreover the values of g must move from two positive roots ti and t2- Now if T is the 
period of g and we define 



K 



T 



r{u)X{u) 
1 + r2(n) 



du 



then we have. 
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For any integer j and u £ [jT, (j + 1)T] we have that 9{u) = jK + 9{u — jT) 

Using the equation above we get that the immersion (p is invariant under the group generated by 
hyperbohc rotations of the angle K in the Xn+i-Xn+2 plane. This concludes the theorem. 

□ 



7.2. Solutions in Euclidean spaces. In this section we will point out that the same kind of 
theorem can be adapted to Euclidean spaces. In this case we obtain the embedded and not embedded 
Delaunay hyper surf aces. 

Theorem 7.2. Let gc,H : R — > R 6e a positive solution of the equation 
(7.3) {g'f + 5^-2" + H^g^ + 2Hg^-'' = C 

associated with a real number H and a positive constant C . If /.i, A, r, : R ^ R and are defined by 



r = ^^, \ = H + g^'^jj, ^ = nH -{n-l)\ = H -{n-l)gc'^H and R{u) = r{s)\{s)ds 
then, the map (p : 5""-^ x R ^ R"+-^ given by 



(7.4) cP{y,u) = {r{u)y,R{u)) 

defines an immersed hypersurface in R""^-*^ with constant mean curvature H. Moreover, if H > 0, 
the manifold defined by ( |y.^P is embedded. We also have that when n > 2, up to rigid motions they 
are the only CMC hypersurfaces with exactly two principal curvatures. 

Proof. A direct computation shows the following identities, 

(r')^ + A^ = r2, and Xr' + rX' = fir' 
In this case we have that the map 



'^{y,u) = {-r{u)X{u)y,r'{u)) 

is a Gauss map of the immersion. A direct computation shows that indeed this immersion has 
constant mean curvature H. The fact that the immersion is an embedding when H > follows 
from the fact that A > in this case and therefore the function R is strictly increasing. For the last 
part of the theorem we will use the same notation used in the previous sections, and in particular 
we define the functions w, A on the whole manifold as before, and we extend the function r to the 
manifold by defining it as r = We have that, 

(1) the vector Xrcn + en{r) v is a unit constant vector on the whole manifold, we can assume 
that this vector is the vector (0, . . . , 0, 1) 

(2) The vector rj = —en{r) en + Xru is constant along the geodesic defined by the vector field 
Cn, i.e, we can prove that Ve„r/ vanishes. 

(3) From the last items we can solve for e„ in terms of the vectors (0, . . . , 0, 1) and rj, and then, 
integrate in order to get the profile curves. 
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(4) The vector field x + rr] is independent of the integral submanifolds of the distribution 
Span{ei,...,e,i_i}. 

(5) The previous considerations and the fact that the vectors ei,...e„_i are perpendicular 
to the vector rj and (0, ...,0, 1) imply that the integral submanifolds of the distribution 
Spanjei, . . . , e„-i} are spheres with center at x + rr] and radius r. Notice that — (x + 
rr])\\ = r. 

(6) If we fix a point po and we define the geodesic 'y{u) as before, then, without loss of generality 
we may assume that ??(po) = (0, • • • , 0, 1, 0) = t]{u) and therefore, we can also assume by 
doing a translation, if necessary, that 



Where R{u) = X{t) r{t)dt. The theorem follows by noticing that the center of the 
integral submanifolds take the form 7(n) + r{u)r]{'y{u)) = (0, . . . ,0,R{u)) 



In the case n = 2 we can find explicit solutions. For any positive C > AH, they look like. 




r{u),R{u)) 



□ 



(p{u,v) = { r {u) cos{v), r{u) sm{v), R{u)) 



where 



R{u) = 




C + v^C(C - AH) cos{2Hy) 



dy and r(n) 




V2C^C- 2H + ^C(C -'AH) cos{2Hy~) 



V2VCH 



Here there is the graph of a non embedded Delaunay surface 




-1 



Figure 7.21. Half rotation of a non embedded Delaunay surface with CMC H = 
-1, here C = 2 
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